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Abstract
The divergent part of the one-loop effective action in Chiral Pertur-
bation Theory with virtual photons has been evaluated in an arbitrary
covariant gauge. The differential operator, that emerges in the functional
determinant, is of a non-minimal type, for which the standard heat kernel
methods are not directly applicable. Both SU(2) and SU(3) cases have
been worked out. A comparison with existing results in the literature is
given.
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1 Introduction
Isospin-breaking corrections to the hadronic observables emerge from two intrinsi-
cally distinct sources. The so-called “strong” isospin breaking, which is due to the
difference of the u- and d-quark masses, is embedded in the standard framework of
Chiral Perturbation Theory (ChPT) from the outset [1, 2]. The electromagnetic
isospin breaking, caused by a presence of the virtual photons, can be systemati-
cally included by the use of the spurion technique [3] (see also [4–6]). ChPT with
photons and leptons, which is the low-energy effective theory of the Standard
Model, can be also constructed [7]. The method has been extended to include
the baryon sector of ChPT as well [8]. Last but not the least, including virtual
photons becomes inevitable, if an attempt is made to describe metastable bound
states of hadrons – the so-called hadronic atoms – which are kept together pre-
dominately by the Coulomb force and decay mainly through strong interactions
(for a recent review, see, e.g. [9] and references therein). Note, however, that
defining the splitting of the hadronic observables into the “purely strong” and
“electromagnetic” contributions in ChPT is, in general, an ambiguous procedure
due to the renormalization group running of the parameters of the underlying
theory [10, 11] (for related work on the subject, see also [12, 13]).
One of the issues, which should be addressed during the construction of the
low-energy effective theory of the Standard Model, is the gauge dependence of
the parameters of the effective Lagrangian (more precisely, the dependence of
these parameters on the gauge fixing of the electromagnetic field). It should
be pointed out that, in the matching of the effective theory to the Standard
Model, non-perturbative QCD effects are essentially involved, and the study of
the gauge dependence can provide valuable information about the relation of
the couplings of the effective Lagrangian to the fundamental parameters of the
underlying theory. We also expect that such investigation might be helpful for
the interpretation of the lattice QCD results including electromagnetic effects,
which started to appear recently (see, e.g., [14–18]).
The gauge-dependence of certain O(e2p2) and O(e4) electromagnetic low-
energy constants (LECs) in ChPT has been investigated in the past (see, e.g., [10,
12, 13]) but a systematic analysis of the problem is still missing. One obvious rea-
son for this is that the one-loop generating functional in ChPT up to now has
been calculated only in the Feynman gauge. In other gauges, the differential
operator, which emerges in the functional determinant, is of a non-minimal type.
Standard heat kernel methods1 are not applicable for such kernels. In the litera-
ture, one finds examples of the calculation of the second Seeley-DeWitt coefficient
for the non-minimal operators, which determines the UV-divergent part of the
effective action at one loop [21–26], see also Ref. [27] for a review and comparison
1See, e.g., Ref. [19] for a review. For the extension of the method to the case when fermions
are present, see Refs. [20]
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of different methods. However, to the best of our knowledge, the general methods
so far have not been applied to the particular problem we are interested in. The
aim of the study, carried out in this brief note, is to close the gap and to present
a calculation of the divergent part of the one-loop effective functional in ChPT
with virtual photons in an arbitrary covariant gauge.
The layout of the paper is as follows. In the section 2 we collect all the relevant
notation and display the O(p4) Lagrangian in the 3-flavor ChPT. In section 3 we
write down the one-loop effective action with virtual photons. The calculation of
the divergent part of the functional determinant in the arbitrary covariant gauge
is presented in section 4 and the renormalization is carried out in section 5, where
the divergent part of the LECs both in 3-flavor and 2-flavor cases are displayed.
In the section 6, comparison to the results, available in the literature, has been
carried out. Finally, section 7 contains a short summary of our findings.
2 ChPT with virtual photons
This section collects the notations, which will be used in the following. The lowest
order Lagrangian of ChPT with virtual photons in case of three flavors is given
by
L2 =
F 20
4
〈dµUd
µU † + χU † + Uχ†〉+ C〈UQU †Q〉, (2.1)
where U is a unitary 3 × 3 matrix containing eight Goldstone boson fields, the
brackets stand for the traces in flavor space, and
dµU = ∂µU − iRµU + iULµ, (2.2)
Rµ = vµ + aµ + AµQ, Lµ = vµ − aµ + AµQ , (2.3)
χ = 2B0(s+ ip) . (2.4)
Here Q = e diag (2/3,−1/3,−1/3) is the charge matrix of the quarks, s, p, vµ, aµ
are the external scalar, pseudoscalar, vector and axial-vector sources, respectively,
and Aµ is the electromagnetic field. The O(p
2) low-energy constant F0 is the
pion decay constant in the chiral limit, B0 is related to the quark condensate
and C = F 40Z describes the O(e
2) electromagnetic mass splittings of Goldstone
bosons:
M2pi+ −M
2
pi0 =M
2
K+ −M
2
K0 = 2e
2F 20Z . (2.5)
The Lagrangian (2.1) should be supplemented by the electromagnetic field La-
grangian
Lγ = −
1
4
FµνF
µν −
1
2a
(∂µAµ)
2 , (2.6)
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where a denotes the gauge fixing parameter.
The full Lagrangian at next-to-leading order is given in Ref. [3]. It contains
strong and electromagnetic terms
L4 = L1〈d
µU †dµU〉
2 + L2〈d
µU †dνU〉〈dµU
†dνU〉
+ L3〈d
µU †dµUd
νU †dνU〉+ L4〈d
µU †dµU〉〈χ
†U + χU †〉
+ L5〈d
µU †dµU (χ
†U + U †χ)〉+ L6〈χ
†U + U †χ〉2 + L7〈χ
†U − U †χ〉2
+ L8〈χ
†Uχ†U + χU †χU †〉 − iL9〈d
µUdνU †Rµν + d
µU †dνULµν〉
+ L10〈R
µνULµνU
†〉+H1〈R
µνRµν + L
µνLµν〉+H2〈χ
†χ〉
+ F 20
{
K1〈d
µU †dµU〉〈Q
2〉+K2〈d
µU †dµU〉〈QUQU
†〉
+ K3
(
〈dµU †QU〉〈dµU
†QU〉 + 〈dµUQU †〉〈dµUQU
†〉
)
+ K4〈d
µU †QU〉〈dµUQU
†〉+K5〈
(
dµU †dµU + d
µUdµU
†
)
Q2〉
+ K6〈d
µU †dµUQU
†QU + dµUdµU
†QUQU †〉
+ K7〈χ
†U + U †χ〉〈Q2〉+K8〈χ
†U + U †χ〉〈QUQU †〉
+ K9〈(χU
† + Uχ† + χ†U + U †χ)Q2〉
+ K10〈(χU
† + Uχ†)QUQU † + (χ†U + U †χ)QU †QU〉
+ K11〈(χU
† − Uχ†)QUQU † + (χ†U − U †χ)QU †QU〉
+ K12〈dµU
†[cµRQ,Q]U + dµU [c
µ
LQ,Q]U
†〉
+ K13〈c
µ
RQUcLµQU
†〉+K14〈c
µ
RQcRµQ + c
µ
LQcLµQ〉
}
+ F 40
{
K15〈QUQU
†〉2 +K16〈QUQU
†〉〈Q2〉+K17〈Q
2〉2
}
, (2.7)
where
cµIQ = −i[I
µ, Q] , I = L,R , (2.8)
Rµν = ∂µRν − ∂νRµ − i[Rµ, Rν ] , Lµν = ∂µLν − ∂νLµ − i[Lµ, Lν ] . (2.9)
The coefficients Li, Hi, Ki cancel the UV divergences, arising from the divergent
part of the one-loop effective action
Li = Γiλ+ L
r
i (µ) ,
Hi = ∆iλ+H
r
i (µ) ,
Ki = Σiλ+K
r
i (µ) ,
λ =
µd−4
16π2
{
1
d− 4
−
1
2
(Γ′(1) + ln 4π + 1)
}
, (2.10)
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where d is the number of space-time dimensions and µ denotes the scale of di-
mensional regularization. The aim of the present work is to determine the gauge-
dependent part of Σi. The quantities Γi,∆i, as well as Σi at a = 1 are already
available in the literature.
3 One-loop effective action
The one-loop generating functional for the connected Green functions is given by
eiZ(v,a,s,p) =
∫
dUdAµ e
i
∫
dx(L2+L4) , (3.1)
where the integral is evaluated in the semi-classical approximation. To this end,
we expand the fields U(x), Aµ(x) around the solutions of the classical equations
of motion U¯ , A¯µ:
U = ueiξ/F0u = u
(
1+ i
ξ
F0
−
1
2
ξ2
F 20
+ · · ·
)
u
= U¯ +
i
F0
uξu−
1
2F 20
uξ2u+ . . .
Aµ = A¯µ + ǫµ, (3.2)
where U¯ = u2 and ξ is a traceless hermitian matrix, ξ =
∑
a ξ
aλa (here, λa denote
the Gell-Mann matrices).
Next, we substitute this expansion in the action functional in Eq. (3.2) and
retain those terms, stemming from L2, which are at most quadratic in ξ, ǫµ (at this
order, the fields in L4 can be replaced by the classical solutions). The calculations
are conveniently done in Eucledean space. The Euclidean action functional then
becomes
SE =
∫
dx(L2 + L4) =
∫
dx(L¯2 + L¯4) +
1
2
∫
dx ηAD
ABηB, , (3.3)
where the Lagrangians L¯2, L¯4 are obtained from L2,L4 after continuation to Eu-
clidean space and the substitution U,Aµ → U¯ , A¯µ. The fluctuations are collected
in a single vector
ηA = (ξa, ǫµ) = (ξ1, . . . , ξ8, ǫ0, . . . , ǫ3) . (3.4)
The differential operator D is defined as:
D = D0 + ω,
D0 =
(
−δab 0
0 −δσρ +
(
1− 1
a
)
∂σ∂ρ
)
,
ω = −{Yµ, ∂µ} − YµYµ + Λ , (3.5)
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with
Yµ =
(
Γabµ X
aρ
µ
Xσbµ 0
)
, Λ =
(
σab 1
2
γaρ
1
2
γσb ρδσρ
)
. (3.6)
The elements of these matrices are given by the expressions:
Γabµ = −
1
2
〈[λa, λb]Γµ〉,
Xaρµ = −X
ρa
µ = X
aδρµ, X
a = −
F0
4
〈HLλ
a〉,
σab = −
1
2
〈[∆µ, λ
a][∆µ, λ
b]〉+
1
4
〈{λa, λb}σ〉 −
F 20
4
〈HLλ
a〉〈HLλ
b〉
−
C
8F 20
{
〈[HR +HL, λ
a][HR −HL, λ
b] + a↔ b〉
}
,
γaρ = γρa = F0〈
(
[HR,∆
ρ] +
1
2
DρHL
)
λa〉,
ρ =
3
8
F 20 〈H
2
L〉, (3.7)
where
DµHL = ∂µHL + [Γµ, HL]
Γµ =
1
2
[u†, ∂µu]−
1
2
iu†R¯µu−
1
2
iuL¯µu
†,
R¯µ = vµ + aµ +QA¯µ , L¯µ = vµ − aµ +QA¯µ ,
∆µ =
1
2
u†dµU¯u
† = −
1
2
udµU¯
†u,
HR = u
†Qu+ uQu†,
HL = u
†Qu− uQu†,
σ =
1
2
(u†χu† + uχ†u). (3.8)
Thus, the Euclidean generating functional at one loop is given by
Z(v, a, s, p) =
∫
dx(L¯2 + L¯4) +
1
2
ln detD, (3.9)
where all quantities are to be evaluated at the classical solutions U¯(x), A¯µ(x).
The determinant of the operator D requires renormalization, since it contains
6
divergences of one-loop graphs. As mentioned before, these divergences should
be absorbed by the counterterms, contained in L¯4, see Eq. (2.10).
Note that, if a = 1, the expression in Eq. (3.5) turns into the standard expres-
sion (see, e.g., [3, 6]). The differential operator, emerging there, is of a minimal
type. The UV-divergent part thereof can be found in a straightforward manner
by using the well-known expression
1
2
ln detD
∣∣∣∣
a=1
= −λ
∫
dx tr
(
1
12
YµνYµν +
1
2
Λ2
)
+UV-finite part, (3.10)
where “tr” means the trace in the multi-index A = (a, µ) and
Yµν = ∂µYν − ∂νYµ + [Yµ, Yν] . (3.11)
4 The case a 6= 1
In general, when a is not equal to 1, the differential operator in Eq. (3.5) is of a
non-minimal type and one has to resort to a different method for calculating the
determinant. In particular, in analogy to Ref. [28], we evaluate the UV-divergent
part of the determinant by means of a straightforward expansion in powers of ω,
see Eq. (3.5)
1
2
ln det(D0 + ω) =
1
2
ln detD0 +
1
2
Tr(D−10 ω)
−
1
4
Tr(D−10 ωD
−1
0 ω) +
1
6
Tr(D−10 ωD
−1
0 ωD
−1
0 ω)
−
1
8
Tr(D−10 ωD
−1
0 ωD
−1
0 ωD
−1
0 ω) + UV-finite part , (4.1)
where the symbol “Tr” stands for the trace in both coordinate and matrix indices.
It is easy to truncate this expression so as to retain only those terms that contain
UV divergences. If a = 1, the divergent part of the expression above reproduces
the already known result, see Eq. (3.10).
The matrix elements of the operator D−10 have the following form:
〈x|(D−10 )
ab|y〉 = −δab∆(x− y),
〈x|(D−10 )
ρσ|y〉 = −δρσ∆(x− y) + ∆ρσ(x− y),
〈x|(D−10 )
ρb|y〉 = 0 , 〈x|(D−10 )
aσ|y〉 = 0 , (4.2)
where
∆(x− y) =
∫
ddk
(2π)d
e−ik(x−y)
−k2
,
∆ρσ(x− y) = (a− 1)
∫
ddk
(2π)d
kρkσ
k4
e−ik(x−y) . (4.3)
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The matrix elements of the operator ω are given by
〈y|ωAB|x〉 = −2Y ABµ (y)
∂
∂yµ
δ(x− y) + cAB(y)δ(x− y),
c(x) = −∂µYµ − YµYµ + Λ . (4.4)
The components of the above matrix can be written in the following form
〈y|ωab|x〉 = −2Γabµ (y)
∂
∂yµ
δ(x− y) + bab(y)δ(x− y),
〈y|ωaσ|x〉 = −2Xa(y)
∂
∂yσ
δ(x− y) + baσ(y)δ(x− y),
〈y|ωρb|x〉 = −2Xb(x)
∂
∂xρ
δ(x− y) + bρb(x)δ(x− y),
〈y|ωρσ|x〉 = δρσb(y) δ(x− y), (4.5)
where
bab = −∂µΓ
ab
µ − Γ
ac
µ Γ
cb
µ + 4X
aXb + σab ,
baσ = bσa = −∂σX
a − Γacσ X
c +
1
2
γaσ ,
b = XaXa + ρ . (4.6)
From Eq. (4.1) after rather voluminous calculations one obtains
1
2
ln det(D0 + ω) =
1
2
ln det(D0 + ω)
∣∣∣∣
a=1
+ λ
∫
dx
(
1
2
S1 −
1
4
S2 +
1
6
S3 −
1
8
S4
)
+ UV-finite part , (4.7)
where the first term is given by Eq. (3.10), and
S1 = 0 ,
S2 = (a− 1)
[
−8∂µX
abaµ − b
a
µb
a
µ
]
− (2(a− 1) + (a− 1)2)
[
2b2
]
,
S3 = (a− 1)
[
−24XababXb − 12XaΓabµ b
b
µ
]
− (2(a− 1) + (a− 1)2)
[
24bXaXa
]
,
S4 = (a− 1)
[
32XaΓacµ Γ
cb
µX
b
]
− (2(a− 1) + (a− 1)2)
[
64XaXaXbXb
]
. (4.8)
Note that S1, . . . , S4 correspond to the loop with one, two, three, four external
legs, see Eq. (4.1). The quantity S1 vanishes in the dimensional regularization,
because it contains a no-scale integral.
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Putting things together and using Eq. (4.6), we obtain
S =
1
2
S1 −
1
4
S2 +
1
6
S3 −
1
8
S4
= (a− 1)
[
2baµ(∂µX
a + Γabµ X
b) +
1
4
baµb
a
µ − 16X
aXaXbXb − 4XaXbσab
]
+
1
2
(2(a− 1) + (a− 1)2)
[
ρ− 3XaXa
]2
. (4.9)
This is our final expression for the one-loop determinant in an arbitrary covariant
gauge.
5 Renormalization
At the next step, we continue Eq. (4.9) back to Minkowski space and substitute
explicit expressions, given in Eq. (3.7). Carrying out the summation over flavor
indices, in the three-flavor case one obtains:
divZone loop = divZ
a=1
one loop + λ(a− 1)
F 20
2
∫
dx
{
〈[HL,∆µ]
2〉 − 〈[HR,∆µ]
2〉
+ 〈σH2L〉 −
ZF 20
2
〈[HR, HL]
2〉 − 2〈[HR,∆µ]G
µ〉 −
3
4
〈GµG
µ〉
}
,
(5.1)
where we have used the relation
DµHL = [HR,∆µ] +Gµ , Gµ = u
†cRµQu− ucLµQu
† . (5.2)
It should be pointed out that the terms with (a− 1)2 have completely cancelled
in the final expression.
By using the equations of motion, the equation (5.1) can be simplified to
divZone loop = divZ
a=1
one loop + λ(a− 1)F
2
0
∫
dx
{
1
4
〈(χU¯ † + U¯χ† + χ†U¯ + U¯ †χ)Q2〉
−
1
4
〈(χU¯ † + U¯χ†)QU¯QU¯ † + (χ†U¯ + U¯ †χ)QU¯ †QU¯〉
+
1
4
〈(χU¯ † − U¯χ†)QU¯QU¯ † + (χ†U¯ − U¯ †χ)QU¯ †QU¯〉
+
1
2
〈dµU¯
†[cµRQ,Q]U¯ + dµU¯ [c
µ
LQ,Q]U¯
†〉+
3
4
〈cµRQU¯cLµQU¯
†〉
−
3
8
〈cµRQcRµQ + c
µ
LQcLµQ〉
}
. (5.3)
9
The UV divergences in the electromagnetic LECs can be directly read off from
the expression above. Using the result of Ref. [3], obtained for a = 1, we get (see
also Eq. (A.7) from Ref. [6]):
Σ1 =
3
4
, Σ2 = Z, Σ3 = −
3
4
,
Σ4 = 2Z, Σ5 = −
9
4
, Σ6 =
3
2
Z,
Σ7 = 0, Σ8 = Z, Σ9 = −
1
4
+ 1
4
(1− a),
Σ10 =
1
4
+ 3
2
Z − 1
4
(1− a), Σ11 =
1
8
+ 1
4
(1− a), Σ12 =
1
4
+ 1
2
(1− a),
Σ13 =
3
4
(1− a), Σ14 = −
3
8
(1− a), Σ15 =
3
2
+ 3Z + 14Z2,
Σ16 = −3 −
3
2
Z − Z2, Σ17 =
3
2
− 3
2
Z + 5Z2.
(5.4)
In case of two flavors, the first term of Eq. (5.3) can be further simplified by using
the following identity
〈(χU¯ † + U¯χ† + χ†U¯ + U¯ †χ)Q2〉
− 〈(χU¯ † + U¯χ†)QU¯QU¯ † + (χ†U¯ + U¯ †χ)QU¯ †QU¯〉
= −〈χ†U¯ + U¯ †χ〉〈Q2〉+ 〈χ†U¯ + U¯ †χ〉〈QU¯QU¯ †〉 (5.5)
Using the effective Lagrangian, given in Ref. [6], one reads off the divergent parts
of the LECs in the two-flavor case as well
ki = λσi + k
r
i (µ) , i = 1, · · ·14 . (5.6)
σ1 = −
27
3
− 1
5
Z, σ2 = 2Z, σ3 = −
3
4
,
σ4 = 2Z, σ5 = −
1
4
− 1
5
Z + 1
4
(1− a), σ6 =
1
4
+ 2Z − 1
4
(1− a),
σ7 = 0, σ8 =
1
8
− Z + 1
4
(1− a), σ9 =
1
4
+ 1
2
(1− a),
σ10 =
3
4
(1− a), σ11 = −
3
8
(1− a), σ12 =
3
2
− 12
5
Z + 84
25
Z2,
σ13 = −3 −
3
5
Z − 12
5
Z2, σ14 =
3
2
+ 3Z + 12Z2.
(5.7)
The equations (5.4) and (5.7) represent the main result of the present paper. Note
also that, through the renormalization group equations, these equations define
the gauge dependence of the scale-dependent part of the LECs Kri (µ) and k
r
i (µ),
respectively.
6 Comparison to existing calculations
The dependence of some of the LECs on the gauge parameter has been studied in
Refs. [10, 12, 13]. We have explicitly checked that, in all cases, our results agree
with those from Refs. [10, 12, 13].
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Furthermore, as a useful check, we have verified that the scale-dependent part
of the combinations of the renormalized electromagnetic LECs, which appear in
the expressions for the pion, kaon and η-meson masses in 3-flavor ChPT [3],
C1 = 6K
r
1 + 6K
r
2 + 5K
r
5 + 5K
r
6 − 6K
r
7 − 15K
r
8 − 5K
r
9 − 23K
r
10 − 18K
r
11,
C2 = K
r
8 ,
C3 = 12K
r
1 + 12K
r
2 − 18K
r
3 + 9K
r
4 + 10K
r
5 + 10K
r
6 − 12K
r
7 − 12K
r
8
− 10Kr9 − 10K
r
10,
C4 = 3K
r
8 +K
r
9 +K
r
10,
C5 = 6K
r
1 + 6K
r
2 + 5K
r
5 + 5K
r
6 − 6K
r
7 − 24K
r
8 − 2K
r
9 − 20K
r
10 − 18K
r
11,
C6 = 3K
r
1 + 3K
r
2 +K
r
5 +K
r
6 − 3K
r
7 − 3K
r
8 −K
r
9 −K
r
10,
C7 = 12K
r
1 + 12K
r
2 − 6K
r
3 + 3K
r
4 + 6K
r
5 + 6K
r
6 − 12K
r
7 − 12K
r
8
− 4Kr9 − 4K
r
10 , (6.1)
does not depend on the gauge parameter a. The same statement holds for the
combinations of the LECs, which appear in the πK scattering amplitude [29].
Below, for illustration, we list some of these combinations:
C8 = 9(M
2
pi + 2M
2
K)K
r
8 −M
2
piK
r
9 + (17M
2
pi + 18M
2
K)K
r
10 + 18(M
2
pi +M
2
K)K
r
11,
C9 = K
r
5 +K
r
6 + 12K
r
8 − 6K
r
10 − 6K
r
11,
C10 = 18K
r
3 − 9K
r
4 − 12K
r
8 + 2K
r
9 − 34K
r
10 − 36K
r
11. (6.2)
Similar checks have been carried out in case of the 2-flavor ChPT, considering
the combinations of LECs, appearing in the pion masses and the ππ scattering
amplitudes [5, 6].
In Ref. [30], the matching of the 2- and 3-flavor electromagnetic LECs has
been carried out. For illustration, consider one of the relations from Ref. [30]:
kr5 =
6
5
Kr7 +
1
5
Kr8 +
4
9
Kr9 −
1
5
Kr10 −
1
10
Z
1
32π2
(ln
M2K
µ2
+ 1) , (6.3)
where MK stands for the kaon mass (at this order in e, there is no difference
between charged and neutral kaon masses). Note that only the loops with the
particles containing s-quark(s) (kaons and η) contribute to the matching con-
ditions. Consequently, since the photon loop is absent, the matching condition
should not contain the gauge parameter a and be, therefore, gauge invariant.
Inserting Eqs. (5.4) and (5.7), we have checked that this is indeed the case for
the scale-dependent part of all relations listed in Ref. [30].
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Finally, we wish to comment on the result of Ref. [22] (the divergent coeffi-
cients in 4 dimensions are given in Ref. [27], which contains a compilation of the
earlier results). It turns out that the formulae displayed there are not well suited
for the direct comparison with our expressions. However, it should be still pointed
out that the divergent coefficients from table 2 of Ref. [27] contain logarithmic
dependence on the gauge parameter. It is clear that such a dependence can never
arise in our framework. Note also that such a logarithmic dependence on the
gauge parameter arises from the photon mass term in the propagator and is thus
of the infrared origin. Its appearance in the β-functions looks counterintuitive to
us. Further, the logarithmic contributions in Ref. [12], which were mentioned in
Ref. [27], arise in various correlators and not in the LECs. Consequently, these
(scale independent) contributions can not be identified with those from table 2
of Ref. [27]2.
7 Summary
In this paper, we calculate the divergent part of the one-loop effective action
in ChPT with virtual photons in an arbitrary covariant gauge. Except in the
Feynman gauge, the differential operator in the action is of a non-minimal type,
for which the standard technique, based on the heat kernel expansion, is not
directly applicable. Instead, we have resorted to a straightforward perturbative
expansion of the determinant. The final result for the divergent part of the
effective action is given in Eqs. (4.7), (4.8) and (4.9). The divergent parts of the
LECs in the 3- and 2-flavor ChPT are listed in Eqs. (5.4) and (5.7), respectively.
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